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ABmiAcr 

Wc  give  an  0(/t')  and  an  0{n?)  tiir^  clgorithm  for  the  problem  of 
coordinating  the  motion  of  two  and  three  discs  (respectively)  moving 
amidst  polygonal  obstacles.  Our  approach  \^  based  on  the  idea  of  rctrsc- 
tion,  LJid  improves  previous  algorithms  by  Schwartz  and  Sharir. 
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1.  Introdaction 

Various  computaticnsl  problems  arise  in  robotics  in  the  gcnc;"i  area  of  motion  plan- 
ning [Bra].  Although  n! otion  planning  problems  have  been  studied  for  many  years  from 
the  viewpoint  of  heuristic  programming  or  fuTifidal  intclligenoe  (eg.  [N])  and  mechanics 
(eg.  [P]),  it  is  only  recently  that  algorithmic  and  complexity  theoretic  techniques  have 
been  brought  to  bear.  For  recent  progress  along  this  line,  see  [SSl,SS2,HJW,OY,OSY]. 
The  many  body  problem  in  motion  planning  considered  in  this  paper  is  posed  as  follows: 
Given  m  bodies  B  =  {B^,  Si,  ...  ,  S„),  a  set  of  obstacles  S,  an  initial  placement 
P  ~  (Pl«  P2'  •  •  •  '  Pm)  ^^'^  *  ^^^  placeincnt  q  =  {qi,  ....  q„)  of  B,  the  problem 
is  to  plan  a  (coordinated)  motion  of  B  from  p  to  q  (if  one  exists). 
A  variety  of  problems  arise  depending  on  whether  one  considers  thb  question  in  two  or 
three  dimensions,  whether  each  5;  is  rigid  or  jointed,  whether  B  is  fixed  or  varies  with  the 
input,  and  whether  the  obstacles  5  arc  assumed  to  be  polyhedral  or  have  mere  general 
shapes.  The  results  of  [SS2]  imply  that  for  any  fixed  B,  where  the  bodies  and  obstacles 
are  bounded  by  algebraic  surfaces  with  boimdcd  degrees,  the  problem  is  polynomial  time 
solvr.bk.  However,  for  each  specific  B,  it  remains  of  interest  to  obtain  algorithms  more 
efficient  than  that  which  follows  from  the  general  results  in  [SS2]. 

The  case  where  m  =  1  has  been  extensively  studied  (see  the  papers  dted  above). 
The  case  m  >  1  is  relatively  new  and  [SS3]  appears  to  be  the  first  purely  algorithmic 
study  of  this  sort.  Note  that  the  only  mutual  constraint  among  the  bod'ss  in  B  in  a  'coor- 
dinated motion'  is  non-collision  among  them  (compare  this  with  the  mutual  constraints 
among  the  different  link<  of  a  jointed  robot  arm).  An  instance  of  coordination  is  the 
important  but  little-understood  problem  of  making  two  rcbot  arms  cooperate  on  a  task. 
Another  example  is  that  of  coordinating  many  raving  robots  in  a  controlled  environment 
such  as  an  automated  warehouse  or  in  a  factory. 

We  shall  consider  the  simplest  case  where  the  bodies  arc  discs  moving  amidst  polygo- 
lud  obstacles  in  the  plane.  Note  that  the  planar  version  of  the  problem  is  quite  realistic 
since  in  practice,  a  roving  robot  would  represent  its  worid  by  a  floor-plan  with  the  robot 
itself  being  approximated  by  an  enclosing  disc  For  example,  the  robot  vehicle  In  [M] 
employs  a  disc  algorithm  for  moving  amidst  circular  obstacles  running  in  0(n*)  time. 
(However,  we  remark  this  can  easily  be  Improved  to  O(nlog^)  by  adapting  the  algorithm 
in  [OY]  and  a  result  of  M.  Sharir  that  the  Voronol  diagram  of  a  collection  of  drdes  can 
be  computed  in  C?(nlog^/t)  time.)  Another  reason  for  considering  discs  rather  than  mere 
complex  shapes  is  that  they  give  rise  to  comparatively  simpler  algorithms  (cf. 
[OSYl,OSY2]),  and  thus  disc  algorithms  should  probably  be  used  as  an  initial  heuristic  in 
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finding  a  path.  In  [SS3],  an  0{n^)  (rcsp.  (?(n^-';)  time  algorithm  for  c&^^dinating  the 
motion  of  two  (resp.  three)  discs  v/cre  found.  In  this  paper,  we  shall  -resent  simpler  algo- 
rithms for  th-.  same  problems  with  running  times  d  0{n^)  and  0{rJ),  respectively.  Let  us 
remark  that  in  general,  it  is  not  obvious  xh&t  ccordinating  k  discs  should  take  0(n*)  time 
(since  it  seems  that  mc.t  problems  with  Zi  dsgrcea  of  freedom  ~  as  is  the  case  with  k 
diza  -  takes  Ci{n^  time).  Figures  1  end  2  illuEtrate  tv/o  problems  involving  the  coordi- 
nation of  several  discs. 
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Figure  1.   Exchange  the  placements  of  5^  and  53,  keeping  the  other  dlzcs  (eventually)  in 
their  original  placements:  thus  Bq  acts  as  a  'sliding  door'. 


The  algorithms  we  present  are  based  on  the  idea  of  'retraction':  intuitively,  h^c 
reduce  (via  a  suitable  map  call  the  'retraction'  j  the  search  of  a  motion  in  the  space  FP  of 
free  placements  (ic.  placements  where  the  body  is  not  incident  on  any  obstacle)  to  the 
search  of  another  'motion'  in  a  lower  dimensional  subspaoc  (the  'retract*)  of  FP.  This 
approach,  first  described  in  [OY,OSYl-3],  has  led  to  very  efficient  algorithms.  We 
should  note  that  in  these  previous  papers,  the  'retracf  used  is  a  suitable  generalization  of 
Vorojioi  diagrams  [K].  The  use  of  Vorond  diagrams  in  motion-planning  seems  to  be  first 
proposed  by  [R]  who  approached  it  as  a  problem  of  artificial  intelligence  and  treats  a  digi- 
talizcd  space.    One  contribution  of  the  present  paper  is  to  show  that  the  'retraction' 


In  topology,  a  'retracrion'  ii  a  conanuous  map.  Wc  relax  the  continuity  requircmerit:  the  important 
property  for  us  ii  that  the  map  prcicrves  the  connectivity  itructure  of  FP  in  a  icnse  to  be  made 
prcdse. 
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Figure  2.   Exchange  tbc  placements  of  ZJ^  and  32:  tigbt  cu^pemtion  bf.twccn  the  tv/o  discs 
is  necessary.  ^v, 

approach  can  be  applied  without  resorting  to  (^jeneralizations  of)  Voronoi  diagranas. 

On  the  inherent  complexity  of  the  Many  Body  Problem:  All  the  polynomial  time  aJpc- 
rithms  dted  above  for  coordinating  motiori  assume  that  B  is  ilied,  i.e.  the  number  of  bodies 
and  their  shapes  are  fixed.  If  B  is  allowed  to  vary  with  the  input,  the  problem  of  moving  many 
discs  amidst  polygonal  obstades  is  M'-hard  [SY].  If  discs  are  replaced  by  rectangi-lar  bodies, 
[HSS]  shows  that  the  problem  is  PSPACE-hard.  Observe  that  rectangles  are  apparently  harder 
than  discs  since  they  are  2-parameter  objects  and  they  move  in  a  3-dimensional  space.  (Discs  have 
one  parameter  and  move  in  a  2-dimensional  space.) 

This  paper  is  organized  as  follows:  after  some  preliminary  definitions  in  section  2,  we 
introduce  the  retraction  map  for  the  problem  of  coordinating  two  discs  in  section  3.  This 
retraction  reduces  a  coordinated  motion  to  a  soKalled  'stable  motion*.  A  stable  motion 
can  be  decomposed  mto  a  scqticnce  of  'elementary'  motions  together  with  certain  discon- 
tinuities. Section  4  analyzes  the  elementary  motions  and  section  5  the  discontinuities. 
This  leads  to  a  combinatorial  graph  CCG  whose  edges  correspond  to  the  elementary 
motions  and  canonical  forms  of  the  discontinuities.  Finding  a  coordinated  motion  is  thus 
reduced  to  finding  a  path  in  CCG\  the  algorithm  for  constructing  and  searching  CCG  is 
described  in  section  6.  In  section  7  we  outline  the  solution  for  three  discs.  Section  8  con- 
cludes. 


2.  Preliminary 

Let  5,  the  obstacle  set,  be  a  closed  subset  of  the  plane  bounded  by  polygonal  lines. 
(Note  that  S  may  be  disconnected.)  Let  fl  be  the  complement  of  S  and  for  simplicity,  we 
assume  SI  is  boimdcd  (our  results  can  be  modified  to  hold  even  if  fl  is  unbounded).  Let  B 
=  (5i,  .  .  .  ,  B„)  where  fly  is  an  (open)  disc  of  radius  r,.  A  placcmens  p  =  (p^.  .  .  .  ,p^) 
of  B  is  a  sequence  of  m  points  in  Ci  where  /?/  specifies  the  center  of  fl;.  B  is  assmned  fized  (with 
m  =  2  or  3  in  this  paper)  so  that  the  input  to  the  problera  is  a  description  of  5  and  the  initial  and 
final  placements  of  B.  As  in  [IC],  the  boundary  of  5  is  decomposed  into  a  collection  of  pairwise 
disjoint  set  of  elements  where  an  elsment  is. cither  an  open  line  segment  (called  a  Svall')  or  a 
point  ('comer').  The  Input  size  h  proportional  to  n,  the  number  of  comers  in  the  boundary  of  5. 
For  any  point  x,  let  5f(x)  denote  the  set  of  points  y  occupied  by  5/  when  placed  at  x,  ie.,  the  dii- 
tancc  between  y  and  x  is  <  r^.  The  placement  p  hjree  (for  B)  if  the  ra  + 1  sets 

S,  B^(p{),---.B„(p„) 

are  pairwise  disjoint.    Let  FP  =  FP(D)  denote  the  set  of  free  placements  of  B.    Similarly, 
FP(B{)  denotes  the  set  of  free  placements  x  of  Bi,  ic.,  where  S  and  fi,(x)  are  disjoint. 

Note  that  FP(Bi)  is  a  closed  planar  set.  It  is  easy  to  sec  that  the  boimdary  of  FP{Bi) 
can  decomposed  into  a  colkction  of  (closed)  )ine  segments  and  (dosed)  circular  arcs.  Fol- 
lowing [SS3],  wc  call  the  line  segments  ^isplnced  walls  and  the  arcs  displaced  comers. 


Sec  Figtiic  3. 


C,^.-. 


Rgurc  3.  Four  displaced  comers  and  five  displaced  walls. 
Clearly  the  displaced  clcmeuts  (of  a  fixed  B/)  may  intersect  at  their  cndpoints.   To  sim- 
plify the  paper,  we  make  two  assimaptions:   (a)  no  interior  point  of  a  displaced  element  is 
shared  by  another  displaced  element,  and  (b)  no  point  is  common  to  three  displaced  ele- 
ments.  These  assumptions  arc  equivalent  to  saying  that  each  connected  component  of  the 


-6- 

boundary  of  FF(Bt)  is  a  simple  closed  path.  Let  G.  be  the  planar  graph  representing  the 
boundary  of  FPiBi):  the  edges  of  G,  ;:rc  the  displaced  elements  arl  its  vertices  arc  end- 
points  of  edges.  Cearly  C,  has  0(n)  cd^cs  and  vertices.  Recall  the  notion  of  a  Voronoi 
diagram  Vor{S)  of  S  [OSY^].  [Ki]  shows  that  Vor{S)  can  be  computed  in  0(nlog  n) 
time.  Tne  following  lemma  implica  that  G/  can  be  computed  hi  <3(nlog  n)  time  also. 

Lemmfl  1.  Given  VoriS),  the  graph  G^  can  be  computed  in  lic;!-ir  time. 

A  sketch  proof  goes  as  follows.  Fcr  each  Voronoi  edge  «,  it  is  easy  to  determine  in 
constant  time  the  intersection  pcints  of  e  with  the  boundary  of  FP{Bi):  in  fact  since  each 
Voronoi  edge  is  cither  straight  or  parabolic,  there  can  be  at  most  two  intersection  points. 
Let  V;  be  the  set  of  tliese  intersecticn  points.  It  is  not  hard  to  see  that  Vi  is  precisely  the 
vertex  set  cf  G;.  Il  remains  to  determine  the  edges  of  Gj.  Here  we  use  the  fact  that  two 
vertices  u  and  v  are  adjacent  in  G,  iff  they  lie  on  the  boundary  of  a  common  Voronoi  ceU. 
We  can  procc-  the  Vorcnci  edges  in  such  a  way  that  each  edge  is  examined  a  constant 
number  of  times,  resulting  in  a  linear  time  algorithm. 

By  a  motion  of  5/  wc  mean  a  function  mr^:  [0,1]  -  ^P'i^i)  Note  that  (it  is  technically 
convenient  that)  it  is  not  required  to  be  continuous  although,  ultimately,  only  continuous 
motions  arc  of  interest  to  us.  By  a  coordinaied  motion  cS.  B  we  mean  -n-  =  (-n-^,  ....  Tr„) 
where  each  tt^  is  a  motion  of  Bi  and  T:{t)  (=  (jti{t),  •  •  •  ,iT^(f)))  is  free  for  all  r  in  [0,1]. 
We  abbreviate  'coordinated  motion'  to  'co-motion'. 

3.   Coordination  of  Two  Discs 

Let  us  first  informally  describe  the  retraction  for  two  discs.  Given  any  initial  place- 
ment p  =  (pi.Pi)  of  B  =  (Bi,  Bi),  we  imagine  a  mutually  repulsive  foroe  between,  the 
discs  which  pushes  them  as  far  apart  as  possible  (ic.  until  each  is  backed-up  against  the 
obstacle  5):  such  a  'backed-up'  placement  /m(p)  will  be  called  'stable'.  Note  that  since  Ct 
is  boimded,  /m(p)  is  well-defined  for  all  p.  This  transformation  can  be  applied  pointwisc 
to  a  coordinated  motion  tt  of  B  resulting  in  a  'stable'  co-motion  Im(rr).  One  difficulty  tiiat 
must  be  faced  is  that  /m(iT)  may  not  be  continuous  even  though  ir  is  continuous.  We  begin  with 
the  definition  of  the  retraction  map. 

Definition.  For  p  =  (p^,  p^J  €  FP,  its  image  /m(p)  is  defined  to  be  q  =  (q^,  q-^ 
where  q^  (/  =  1,  2)  is  the  first  point  on  the  half-Une  from  pi  directed  away  from  P3_, 
such  that  7,  lies  on  the  boundary  of  FP(5,)  and  either  the  Une  p^-iqi  is  tangential  at 
qi  to  some  displaced  comer  (not  v/all)  «  of  G,  or  for  all  S  >  0  small  enough, 

qi  +  h{qi  -  p^.i)    i  FP{B,).  (3) 


Figure  4.  Two  cjcamplcs  of  the  retraction  map. 


Nctc  that  qi  may  be  an  cndpoint  of  <•  in  the  above  definiticn.  The  condition  (3)  says  that 
if  we  try  to  'push'  5,  at  qi  any  further  av/ay  fnom  53-/,  we  would  run  into  the  obstacle. 
Note  that  our  definition  of  Im  implies- thAt:  the  'repulsive  force'  is  not  obstru^:^d  by  obsta- 
cles that  intervene  berwccnpj^  and/32.  For  any  free  placement  p  =  (pi,P2),  we  refer  to 
the  line  determined  by  p  ^  and  /72  as  the  line  through  p. 

Definition.  A  placement  p  is  stabU  if  there  exists  some  free  placement  q  such  that  p 
=  /m(q).  A  co-motion  tt  is  stable  if  there  exists  a  continuous  cc-motion  -rr'  such  that 
IT  =  /fli(iT').  A  stable  placement  p  =  (p^,  p^  is  critical  if  more  than  one  of  the  con- 
ditions (l)-(4)  below  holds: 

(1).  pi  is  a  vertex  (of  GJ. 

(2).  pjlia.  vertex  (of  G^. 

(3).  The  line  through  p  is  tangential  at  p^  to  some  displaced  comer  (not 

wall)«  of  Gi- 
(4).  The  line  through  p  is  tangential  at  P2  to  some  displaced  comer  (not 

wall)  e  of  G2. 
Motion  in  FP,  which  has  four  degrees  of  freedom,  is  reduced  by  the  retraction  Im  to 
stable  motion  with  two  degrees  of  freedom.  Our  analysis  in  the  next  section  can  be  seen 
to  involve  further  retractions  of  the  stable  placements  to  the  criticsil  placements,  ie.  a 
reductica  of  a  space  with  two  degrees  of  freedom  to  another  space  v/ith  zero  degrees  of 
freedom. 


Lemma  2.  Tiicre  are  O(n-)  critical  placements. 

Proof.  There  arc  clearly  <?(n^)  critical  placements  which  arc  fcnnsd  by  pairs  cf  ver- 
tices. To  count  the  other  type  of  critical  placements,  we  note  that  each  displaced  comer  e 
may  be  associated  with  0{n)  critical  placements  p  such  that  the  line  through  p  is  tangential 
totf.  Q.EJ). 

4.  Elementsry  Coordlnaied  Motion 

To  analyze  stable  co-motions,  first  consider  thi  simplest  sort  of  stable  co-n>otion.  If 
X,-  are  sets  of  points,  it  is  convenient  to  say  that  a  placement  (p^-  ^2)  belongs  to  (X^,  X{)  if 
Pi  €  Xf  Typically,  Xi  is  a  displaced  element.  Let  c  =  (<i,  e-^  where  «/  is  a  displaced  ele- 
ment (ie.  an  edge)  of  G;. 

Definition.  A  stable  co-motion  ir  is  said  to  be  eUr.ieniary  if  it  is  continuous  and 
there  exists  a  pair  e  of  displaced  elements  such  that  ir(r)  belongs  to  e  for  all  r  in 
[0,1].  Two  stable  free  placements  p  and  q  arc  adjacent  if  there  is  an  elementary  co- 
motion  between  them. 

Lemma  3.  Let  c  =  {e^,  e-^\x.Q.  pair  of  displaced  elements.  Every  stable  placement 
P  ~  (Pi»  P2)  belonging  to  c  is  adjacent  to  some  critical  placement  belonging  to  e. 
Proof.  The  proof  is  "By  a  fairly  straighforward  construction  as  follows:  keeping  pi 
fixed,  move  pi  along  *2  i°  ^  direction  such  that  the  separation  between  the  discs  is 
increasing  until  the  first  time  that  P2  reaches  a  vertex  or  the  line  through  p  is  a  tangent  to 
ei  (for  some  i  =  1  or  2).  If  tlie  former,  we  now  keep  pi  fbted  v/hilc  moving  /j^  in  the 
direction  of  increasing  separation;  otherwise  we  now  move  both  pj^  and  pj  simultaneously 
so  that  the  line  through  p  remain  continuously  tangential  to  </.  In  both  cases,  wc  eventu- 
ally reach  a  critical  placement  belonging  to  e,  Q.E.D. 

In  the  following  analysis  of  elementary  co-nwtion,  wc  shall  consider  three  possibili- 
ties for  a  pair  e  =  (^i,  e-^  of  displaced  elements,  depending  on  whether  the  clement^  are 
walls  or  comers.  See  Figure  5.  We  *ha11  arrange  the  coordinate  system  to  place  them  in 
"standard  position"  as  follows: 

(Wall-wall)  So  e  is  a  pair  of  displaced  walls.  Let  ^^  lie  on  the  x-axis  and  «2  1^  i°  ^ 
upper  half-plane  on  a  line  L  which  passes  through  the  origin.  By  dividing 
<i  into  two  parts  if  necessary,  wc  may  asstmic  w.l.o.g.  that  ^^  lie  on  the 
positive  X-axis. 
(Wall-comer)  Let  tf^  be  a  displaced  v/all  lying  on  the  x-axis  and  <?2  a  displaced  comer 
which  is  part  of  a  drdc  D  whose  center  lies  on  the  positive  y-axii. 


(Corr>er-cornsr} 

Let  <?/  be  a  part  of  the  circle  D,  where  D^  (rcsp.  D-^  is  centered  at  the  origin 
(rcsp.  a  point  on  the  positive  y-a.iLs). 


H-->X 


(•) 


■^% 


Figure  5.  Standard  positions  for  a  pair  of  displaced  elements. 


For  any  placement  (or  pair  of  pdnts)  ^  =  {p]^,p-^\sX  6'(p)  denote  the  angle  (measured 
counter-clockwise  from  the  positive  x -axis)  that  the  directed  line  from  /j^  lo  Pi  makes  with 
the  X-axis.  Define  ©(p)  to  be  rain{  6'(p),  6'(p)  -  ir  }.  With  this  definition,  we  have 
0  ^  6(p)  s  -rr  and  9((pi,P2))  ~  ^((PZ'Pi))-  ^^  proof  of  the  next  lemma  is  long;  the 
topology  involved  is  elementary  but  interesting. 

Lemma  4.   Given  stable  placements  p  and  q  belonging  to  c,  it  can  be  decided  in  con- 
stant time  whether  they  arc  adjacent. 

Proof.  For  the  purposes  of  this  proof,  the  terms  'critical  placements',  'co- motions' 
and  'adjacent*  arc  modifigd  so  that  they  satisfy  the  original  definitions  except  that  any 
(even  if  only  implicit)  assumption  of  frccncss'  in  these  definitions  arc  dropped;  v/e  refer 
to  original  terms  by  explidtiy  qualifying  them  as  'free'.  Thus:  we  now  use  the  terms  free 
critical  placements,  free  co-motions,  freely  adjacent.  For  example,  when  we  now  say  two 
placements  p,  q  arc  adjacent  wc  just  mean  that  they  belong  to  a  common  e,  without 
assuming  there  is  a  free  co-motion  between  them. 

We  consider  the  three  possibilities  for  e  using  the  "standard  position"  convention 
above.  Let  Ei  and  F<  denote  the  left  and  right  endpoints  of  «/  (note:  below,  'Icff  and 
'right*  will  be  made  unambiguous  for  the  cases  involving  displaced  comers). 

Wall-wall  case:  Consider  the  four  critical  placements  E^^t  (abbreviation  for 
(^1,  E{)),  E1F2,  F^En  and  F^f  2-   ^^  Figure  6. 
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Figure  6.  Two  possibilities  for  the  wdl-wall  case. 

Let  Oi  =  Q{EiFy,  Qn  =  min{e(^iii2).  HF^F;^},:  ©3  =  max{(i{E^E2),  Q^F^Fj)}  and 
O4  =  v(FiE^.  Observe  that  9;  <  O/+1,  /  =  1,  .  .  ,  ,3.  Wc  li^Cne  a  retraction  a  taking 
any  placcincnt  p  belonging  to  e  to  a{p)  =  ;o'  (also  belonging  to  e)  such  thnt  0(p)  =  e(p') 
and  the  line  through  p'  passes  through  one  of  the  F/.  Observe  that  the  distance  between 
the  discs  at  p'  is  greater  than  that  at  p  (unless  p  =  p'). 

We  can  now  deduce  the  adjacency  structtirc  of  placcmects  belonging  to  e.  Consider 
the  set  X";  of  placements  p  where  a(p)  passes  through  Fi,  i  =  1,  2.  Clearly  if  p  is  free 
then  it  is  freely  adjacent  to  a(p)  ^  K  =  K^U  K2.  Thus  we  only  have  to  give  ±e  adja- 
cency structure  of  placements  in  K. 

Claim.  Let  p  =  (pitPz)  and  q  =  (g^,  q^  be  free  placements  in  (j(K{).   Then  they 

are  freely  adjacent  iff  the  •obvious*  co-motion  i7(p,  q)  is  free,  where  'rr(p,  q)  can  be 

described  as  the  co-motion  which  keeps  Pi  =  qi  =  F^  fixed  while  P2  moves  directly 

to«?2- 

This  comes  from  the  fact  that  any  free  elementary  co-motion  from  p  to  q  can  be  con- 
verted (using  a  and  some  'cutting  and  pasting')  Into  the  form  claimed.  This  immediately 
implies  that  there  are  at  most  two  free-adjacency  classes  in  Ki  and  if  there  are  exactly  two 
classes  then  f  ^£2  '^^  F^F;  are  not  freely  adjacent  Since  the  same  holds  for  ir2,  it  fol- 
lows that  every  free  placement  in  K  belongs  to  at  naost  three  free-adjacency  classes  whose 
respective  representatives  are  F^Ei,  Fi^i  and  E]F2. 

Wafl-comer  case:  Recall  the  standard  position  convention.  We  will  initi;?lly  modify 
(<l  ^2)  ^  simplify  the  description:  Consider  the  points  P  and  C  on  the  circle  D  such  that 
the  line  EiP  (rcsp.  F^Q)  is  tangential  to  ZJ  at  /*  (resp.  Q)  and  D  lies  to  the  right  (rcsp. 
lcft>  of  this  line.  Let  c.  be  the  lower  of  the  two  arcs  of  D  bounded  by  P  and  Q.  If  «2 
does  not  intersect  the  arc  a  then  there  are  no  stable  placements  belonging  to  e;  we  may 
therefore  assume  otherwise.   Wc  shall  replace  <2  by  ^2(^0..   Hence  E2  is  possibly  replaced 
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by  P  and  Fi  possibly  by  Q.  Wc  make  an  analogous  modification  to  tf^:  let  P'  be  tlic  point 
on  the  X-axis  such  that  P'  is  the  leftmost  point  on  e^  such  that  (P' ,  E-^\s  a.  stabb  phce- 
mcnt.  Similarly  C'  is  the  rightrnost  point  on  ei  such  that  (Q'  ,F-^^<x  stabb  placement. 
(Note  that  P' ,  Q'  exist  after  the  first  modificaticn.)  Qcarly,  n-e  nny  again  replace  e^  by 
eiC\P'Q' .  Wc  now  define  six  critical  placements  denoted  by  D,  and  D'^  (i  =  1,  2,  3). 
These  arc  not  necessarily  distinct- 

a.  Dj  =  (E^,  E^  and  C^  =  (F^,  F^). 

b.  If  (£i,  f  2)  is  s^t)^  ^^  O2  "  °'2  =  (^1'  ^^2)-  Otherwire,  let  E\<^  D  (rcsp. 
F'2  ^  X-axis)  such  that  the  tangent  to  ej  at  E' i  (rcsp.  F2)  pa-ssa  through  E^ 
(rcsp.  f  2)  and  D  lies  to  the  left  of  the  tangent.  Note  that  E\(i  ei  (rcsp. 
F'2  €  tfi)  because  of  our  initial  mndificaticns  to  c.    Define  02  =  (^ii  ^'1)  and 

D'2  =  r2.^2)- 

c.  03  and  0*3  arc  defined  as  in  b.  except  that  the  roles  of  the  E\  and  F's  arc 
exchanged  and  'left*  becomes  'right*. 

Sec  Rgtiic  7  for  some  examples*      "■ 


(^) 


Figure  7.  Some  wall-comer  cases. 


Wc  shall  parametrize  <?;  (/  =  1,  2)  (regarding  it  as  a  curve  rather  than  just  a  set  of 
points)  so  that  «/  =  ei{t),  t  €  [0,  1],  ^^(0)  =  Ei,  ^^(l)  =  F;.  The  set  of  placements 
belonging  to  {e^,  e-^  is  parametrized  by  the  unit  square  [0,  l]x[0,  1].  The  six  critical 
placements  defined  above  lie  on  the  boundary  of  this  unit  square:  see  Figure  8  for  the 
parametrization  of  the  <'T«mpl«^  in  Figure  7. 
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Figure  8.  Parametrized  rcpicscntations  of  the  wall-ccms-  caccs. 

The  shaded  regions  in  Figure  8  represent  unr.table  pLacemcnta.  The  boundary  of  the 
(unshaded)  stable  region  is  partly  formed  from  the  boundary  of  the  unit  square  and  partly 
from  the  unique  paths  from  D,  to  □'2  and  from  C3  to  □'3  which  move  by  remaining  con- 
tinuour^y  tangential  to  «2-  Note  that  when  the  6  placements  are  distinct,  their  clockAisc 
cyclic  order  on  the  boundary  is 

Moreover,  when  they  arc  not  distinct,  this  cydlc  order  is  still  valid  after  elimination  (or 
identification)  of  duplicate  placements. 

For  any  p^  ^  ^2'  ^tp2hcthc  leftmost  point  on  ei  such  that  (p^,  p^  is  stable,  pf  ^ 
similarly  defined  as  the  rightmost  point  Note  that  Q(p2*P2)  <  ^(P2' P?)-  ^^  °°^ 
(define  a  retraction  a  which  takes  any  p  =  (p^,  pj)  to  a(p)  =  (p\,  p-^  v/hcre 

(Pi      if  the  line  pip  2  is  vertical 
p^     if  e(pi,P2)<  IT/2 
pI     if  e(pi,P2)>ir/2. 

Note  that  (a)  the  retraction  never  decreases  the  distance  between  the  two  dis'^,  (b) 
0(p)  <  17/2  iff  6(a(p))  <  ir/2,  and  (c)  if  the  line  p  is  not  vertical  then  <t(p)  is  on  the 
boundary  of  the  stable  region.  The  set  of  placements  p  such  that  the  line  through  p  is 
vertical  forms  a  curve  in  FP  (this  is  especially  easy  to  sec  in  the  parametrized  subspace). 
We  may  call  it  the  "watershed'  for  obviotis  reasons:  this  curve  is  indicated  by  a  dotted  line 
in  Figure  8.  The  watershed  (when  non-empty)  divides  the  boundary  of  the  stable  region 
hto  a  'right-hand'  and  a  'Left-hand'  boundary.  With  respect  to  the  parametrization  by  the 
unit  sqiiare,  the  retraction  takes  any  placement  to  the  right  (left)  of  the  watershed  hor- 
izontally across  to  the  right-hand  (left-hand)  boundary  of  the  stable  region.   Furthermore, 
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if  a  placement  p  in  the  watershed  is  free  then  it  is  freely  adjacent  to  the  two  placements 
on  the  boundary  of  the  stable  region  which  lie  on  the  'horizontal  level'  of  p  (in  the 
parametrized  space).  Clearly  there  are  at  most  tv/o  frcc-adjaccncy  classes  in  the 
watershed  (since  distance  between  the  discs  along  the  watershed  is  unimodal  with  a 
unique  minimum).  As  wc  shall  sec,  these  facts  reduce  the  frcc-adjacency  structure  of  the 
stable  region  to  that  of  its  boundar)'. 

If  the  watershed  is  non-empty,  th^n  the  two  extreme  placements  bounding  the 
watershed  will  be  denoted  n^  (the  Icftmoct)  and  D;j  (the  rightmost).  Observe  that  o^  lies 
on  the  segment  of  the  boundary  of  the  stable  region  reprcscutci  by  020^0*3.  Similarly  0,^ 
lies  in  the  segment  n'on'^Dj. 

Now  consider  the  set  of  placements  p  belonging  to  e  such  that  tiie  line  through  p 
passes  through  the  center  of  D.  If  this  set  b  non-empty,  then  it  again  form:  a  curve  in 
FP.  Let  the  placements  at  the  extremes  of  this  curve  be  denoted  cf^^  and  C^j.  Agaiii,  a'^ 
(resp.  cff{)  lies  on  the  boundary  of  the  stable  region  represented  by  ^^i^'^  (rcsp. 
CjCjOj).  Wc  note  three  possibilities  for  the  relative  positions  of  d^  and  o'^  on  the  boun- 
dary of  the  stable  region  (sec  Figure  9). 
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Figure  9.  Relative  positions  of  q^  and  n*^. 
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a.  C^  lies  on  the  segment  ^^^2  ^^^  ^ L  ^^  ^^  ^  segment  i^Dj. 

b.  Both  D^  and  C^  lie  on  the  segment  DiO'3.  Then  note  that  o*^  lies  between  o^  and  o^. 
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c  Both  Oj.  and  O'^  lie  on  the  segment  ^i^.  Then  note  that  D^  lies  bct\^'ccn  n^  and  n*^. 
First  we  consider  the  free-adjacency  structure  of  frcs  plac?n;ents  in  □^D'3  (resp.  C^Dt). 
Suppose  case  a.  holds:  Then  any  free  placement  on  the  segment  ^l^i^l  is  freely  adjacent 
to  □!•  Any  free  placement  on  the  segirxnt  o^c^^  (rcsp-  ^L^  '^  iiozly  adjacent  to  cTj 
(resp.  Dt)-  Thus  there  arc  at  most  three  free-adjacency  classes  in  this  case.  Next  consider 
case  b.:  Any  free  pkcerocnt  on  the  scgmeEt  ^2010^  (resp,  0^0*3)  is  freely  adjacent  to  Dj 
(resp.  0*3).  Thus  there  arc  at  most  tu-o  frce-adjaccncy  classes.  Finally,  case  c.  is  similar 
to  case  b. 

The  abc\'c  assumes  that  D^  and  0^1  are  de&icd.  However  even  if  one  or  both  arc 
undefined,  exactly  the  same  analysis  can  sliil  be  czfttsd  cut. 

We  now  consider  the  adjacency  structure  on' the  segment  C;n'2  (Figure  7(a)).  An 
elementary  geometric  fact  will  be  useful  here:  let  /f  be  the  point  on  D  such  that  OH  {O  is 
the  origin)  is  a  tangent  of  D  through  O  and  Q{OH)  <  tt/I.  If  AT  is  any  tangent  tc  D 
such  that  X  (resp.  A)  is  on  the  x-a.Tis  (resp.  D)  then  the  length  1a,T|  of  the  segment  /.Y 
increases  monotonically  with  the  distance  of  X  from  the  origin  since  [AXp 
=  \0H\-  +  |(?Ap.  Define  D^  to  be  the  placement  such  that  the  minimal  distance 
between  the  discs  for  placements  on  this  segment  {^cf^  is  attained  at  □;/.  K  the  pair 
(0,  H)  belongs  to  e  then  the  above  geometric  fact  impUcs  that  0;^^  =  {0,  H);  otherwise  n^ 
is  cither  Dj  or  0*2.  It  is  now  easy  to  sec  that  every  free  placement  on  the  segment  ci2°'2 
belongs  to  at  most  two  frcc-adjaocncy  classes  which  can  be  easily  determined.  (The  idea 
is  to  define  a  retraction  of  Tlaoements  in  D2D'2  to  move  away  from  D^^.) 

We  finally  put  all  these  facts  together  to  deduce  the  'global'  free-adjacency  structure 
of  the  boundary  of  the  stable  placements  union  the  watershed.  The  above  analysis  shows 
that  every  free  placement  on  the  boundary  is  freely  adjacent  to  one  of  the  6  critical  place- 
ments. Call  a  horizontal  line  in  the  parametrized  space  a  'free  horizontal  path'  if  it 
represents  a  free  co-motion.  We  proceed  as  follows:  the  set  of  free  placements  in  the 
boundary  of  the  stable  region  consists  of  at  most  6  pairwise  disjoint  segments.  The  set  of 
free  placements  in  the  watershed  consists  of  at  most  2  disjoint  segments.  These  segments 
(whether  in  the  boimdary  of  the  stable  region  or  in  the  watershed)  are  easy  to  determine, 
using  the  foregoing  discussions.  Given  a  boundary  segment  o  and  a  watershed  segment 
P,  define  the  binary  relationship  R  such  that  aR  ^  holds  iff  they  are  connected  by  some 
free  horizontal  path.  It  is  easy  to  check  this  if  a  i?  3  holds  for  any  a  and  3.  The  reflex- 
ive, transitive  closure  ^  of  the  relation  R  gives  us  the  global  free-adjacency  structure  of 
free  placements  on  the  boundary  of  the  stable  region  or  the  v/atcrshc'J.   More  precisely, 
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Claim.   Two  free  placements  p  and  q  in  the  watershed  or  the  boundary  of  the  stable 

region  are  freely  adjacent  iff  their  rar^cctivc  segments  a  and  3  satisfy  a  /f  0. 
To  see  this,  take  any  free  elementary  cc-;  :ction  it  from  p  to  q.    Tocj  the  retracted  co- 
motion  a('iT)  is  seen  to  determine  a  sequence  of  se^meuLS  where  consecutive  segments  are 
connected  in  the  above  sense.  This  proves  the  claim  and  the  waU-comcr  case. 

Corner-corner  case:  It  rjms  out  that  this  case  intro'Juccs  no  additior.al  comphca- 
tions.  The  reader  can  easily  go  Lh'oi'gh  tU.  our  constructions  and  analysis  of  the  v/all- 
comcr  case  almost  verbatim. 

This  concludes  the  proof  of  lemnia  4.  O.E.D. 

For  each  critical  placement  p,  ihcro  arc  0(1)  othsr  critical  placcm=nts  th^t  it  could 
be  adjacent  to.  A  size-bounded  set  5(?)^of  potentially-adjacent  placements  for  any  given 
critical  placement  p  can  be  obtained  from  the  gmphs  G,-  Lr  constant  time.  Tec  preceding 
lemma  then  implies  , 

Corollary.    The  adjacency  relationship  between  critical  pcirs  can  be  ccuputcd  in 

time  0{n^).  ,      - 

5.  Analysis  of  discontlnnitles  -• 

Wc  will  investigate  the  dL<«3TOtiiraities  In  stable  co-motions.  The  first  task  is  to  show 
that  we  may  restrict  ourselves  to  stable  co-motions  with  a  finite  number  cf  discontinuities. 
We  make  a  general  remark.  The  reader  may  avoid  some  of  the  lemmas  of  this  section  (in 
particular,  proceed  directly  to  lemma  7)  if  he  is  willing  to  make  one  of  two  assumptions: 
cither  (a)  that  co-motions  arc  reasonably  smooth  (say,  picccwise  algebraic)  or  (b)  app^ 
to  a  general  fact  in  differcntial  topology  (Sard's  lemma  [SSI])  which  essentially  says  that 
wc  can  always  perturb  a  path  to  avoid  local  singularities.  Nevertheless,  it  is  instructive  to 
give  direct  proofs  of  these  results. 

Definition.    Let  ir  be  any  co-motion,  p  a  placement  and  /g  ^  [0»1I-    Wc  say  ir 
approaches  p  ai  Iq  \1  there  exists  a  sequence  t„  (n  &:  1)  such  that  /„  -  /q  ^^'^ 
■"On)  -  P- 
Surely  it  approaches  tt(/)  at  /  for  all  /  (take  the  sequence  /„  =  /  for  all  n  ^  1).   But  it  is 
not  hard  to  sec  that  it  may  approach  more  than  one  placement  at  some  /, 

Lemma  5.  Let  ir  be  any  co-mcticn.  If  ir  approaches  p  at  /q  l^icn  the  line  through  p 
coincides  with  the  line  throush  '^■(/q).  If  it  is  also  stable,  then  there  exists  a  continuous  co- 
motion  from  p  to  ^(/o). 
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Proof:  The  first  part  is  clear.  For  the  second  part,  let  p  =  (pi.pj)  and 
•"■('o)  ^  (9l>  •?2)-  Consider  any  motion  it',  (i  =  1,  2)  of  S;  which  mcvcs  pi  to  <7,  in  a 
direct  line:  note  that  tr'/  is  indeed  a  motion  because  the  line  segment  joining  pi  and  qi  is 
free.  To  complete  the  proof,  it  is  enough  to  show  that  tt*  defined  as  the  pair  (tt^,  tt-^)  is  a 
co-motion,  ie.  for  aU  /,  tt'(0  ^  ^'■'°^-  '^^  ^*^  ^^'  ^ce  -rr  is  str.blc,  let  it  =  /m(iT")  for 
some  continuous  it".  Then  'iT"(ro)  is  free.  It  is  easy  to  sec  tb^t  for  all  /,  the  line  segment 
defined  by  tr'C)  contains  the  segment  defined  by  -^'{(q),  so  Tt'(t)  is  free.  Q.E.D. 

Lemma  6.  Let  ir  be  any  stable  cc-mcti^n  and  p  a  stable  placement.  Teen  the  set 
y_(p)  =  {t  e  [0,  1]  :  3q  adjaceiit  to  p  such  that  it  approacfaes  q  at  f}. 

is  dosed. 

Proof.  Let  /„  -  /q  ("  ^  1)'  'n  ^  "^ttCp)-  We  have  to  show  that  (q  ^  /_(?).  Let  tt 
approach  q^  at  /„  and  q,  is  adjacent  to  p.  By  going  to  a  subsequence,  we  may  assurse 
that  q^  belongs  to  some  pair  («i,  tf:)  °^  displaced  elements.  This  implies  that  q^  -  qo  for 
some  qo  belonging  to  (e^,  e^).  By  going  to  a  subsequence  wc  may  assume  thut 
ko  ~  1n\  ^  ^^  for  all  n.  Furthermore,  it  is  clear  that  q^  is  adjacent  to  p.  It  remains  to 
show  that  IT  approaches  qo  at  (qi  for  each  n,  let  t„j  -  /„,  (i  ^  1)  such  that  ir(r„ ;)  -  q^.  We 
may  pick  l(n)  such  that  !/„;■(„)  -  /„]  <  l/n  and  Iir(r„,/(„))  -  qol  <  1/n.  Now  observe  that 
t„j^„^  ^tQsnd  ■n(t„^„^)  -  qo,  ie.,  tt  approaches  qo  at  Iq.  Q.EJ>. 

Lemma  7.  If  there  is  a  continuous  co-motion  ir  from  p'  to  q'  then  there  is  one 
between  the  same  pair  of  placements  whose  image  has  a  finite  ntimbcr  of  discontinui- 
ties. 

Proof.  Let  p  be  any  critical  placement.  Below,  we  transform  tt  to  another  conttnuoua  ir' 
such  that  there  is  some  dosed  interval  /  Q  [0,  1]  such  that  (a)  r'  is  identical  to  tt  outside  of  /, 
(b)  tt'  has  a  finite  number  of  discontinuities  in  /  and  (c)  for  any  /,  if  ir'(/)  is  adjacent  to  p  then 
r  €  /.  By  repeating  this  transformation  0(n^)  times  (for  each  critical  p)  we  obtain  a  continuous 
co-motion  satisfying  the  lemma. 

V/e  now  describe  the  transformation  (relative  to  some  critical  p)  from  tt  to  tt'.  Let 
Imv  be  the  image  of  tt.  Let  /q  =  min  Jim^is),  U  =  ™^  hmJs)'  K  ^o  ~  U*  wc  let 
tt'  =  TT.  Otherwise,  arbitrarily  pick  /,  (<  =  1,  2,  3)  such  that  r,  <  //+i  (/  =  0,  .  .  .  .  3). 
Let  /nrrr  approach  qj  (/  =  0,  4)  at  tj.  By  the  previous  lemma,  wc  may  pick  qj  so  that  it  is 
adjacent  to  p.  We  let  tt'  be  identical  to  tt  outside  /  =  [/q,  t^.  In  the  interval  /,  let  tt' 
move  continuously  from  tt(/o)  (at  /q)  to  qo  (at  t{)\  and  from  thence  to  p  (at  t-^\  and  to  q^ 
(at  /3);  and  finally  to  TT(r4)  (at  /J.  Observe  that  the  image  of  tt'  has  0{n)  discontinuities 
in  the  hitcrval  [t^,  /J  and  in  [t^,  t^;  otherwise  it  has  no  discontinuities  within  the  mterval 
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/.   (Rjcmark:  the  0(n)  discontinuities  comes  from  the  fact  that  a  line  may  be  tangential  to 
0{n)  displaced  corners.)  Q.E.D. 

We  may  restrict  attention  from  now  on  to  continuous  co-motions  whose  image  has  a 
finite  number  of  discontinuities.  Our  remaining  task  in  this  section  is  to  reduce  the 
discontinuities  to  a  special  form. 

Lemma  3.    U  Iq  ^  [0,1]  is  an  isckted  discontinuity  of  a  stable  it  then  T:{tQ)  (unless 

/q  =  0)  and  ■rr(rf )  (unless  tr,  =  1)  arc  well-defined. 
Note  that  Tr(/Q),  it(/^)  and  ^(tQ^)  n^^y  be  ail  distinct:  such  an  example  is  fumi^cd  by  the 
case  where  ^(ro)  is  co-tangcnt  to  two  displaced  comers. 

Proof.  Let  L  be  the  line  through  •rr(ro)  and  let  X,  (/  =  1,  2)  be  the  set  of  points  x  in 
L  such  that  z  lies  on  some  displaced  clement  e  of  FP(B();  furthermore,  if  x  L:  in  the  inte- 
rior of  e  then  e  is  not  contained  in  L.  The  Last  clause  ensures  that  if  <•  is  contained  in  L, 
then  only  the  end-points  of  <•  arc  m  X^.  So  clearly  J;  is  a  finite  «et.  For  each  z  ^  X/,  pick 
a  neighborhood  N(z)  of  x  such  that  for  distinct  x  and  y  in  X;,  the  Flausdorff  distance 
d(N(x),  N(y))  >  0.  Choose  an  interval  I  =  [to  -  6,  Iq  +  5]  such  that  for  all  /  in  /,  ^(/) 
belongs  to  (N(x{),  N(z2))  for  some  x;  €  Xt.  Since  Iq  is  an  isolated  discontinuity,  v,c  may 
assume  that  /  contains  no  other  discontinuity  besides  tQ.  We  now  show  that  'n(tQ)  exists, 
the  case  of  Iq  being  similar.  First  note  that  for  8  small  enough,  there  exists  a  (x^,  x^ 
(xi  €  Xi)  such  that  for  all  /  in  [/q  -  8,  /q),  'rr(f)  belongs  to  (N{x{),  N(x-^y,  otherwise  there 
would  be  nwre  than  one  discontinuity  in  /.  From  this  it  follows  from  the  geometry  of  the 
situation  that  for  all  e  >  0  small  enough,  there  is  a  5',  where  5  >  5'  >  0,  such  that  if 
t  i  [t  -  h',  t(^  then  |'ir(/)  -  (x^,  x^\  <  e.  Thus  'rT(r^)  is  defined  and  equals  (.r^,  xV). 
Q.E.D. 

We  shall  be  interested  in  isolated  discontinuities  of  a  very  special  form,  given  next. 
The  discontinuities  come  in  two  flavors:  one  in  which  a  disc  'jumps'  away  from  a  comer 
and  the  other  where  a  disc  'slides'  along  a  displaced  wall. 

Definition.    Let    /  €  (0,1)    be    an    isolated    discontinuity    of    a    stable    it.     Let 

ir(/")  =  (pi,p{)  and  it(/*)  =  (g^,  g^)-  Then  /  is  a  B^-Jump  if 
(a)    Tr(/)  is  critical, 

(b)  ^(t)u^(n,<nh 

(c)  p2  ~  9:  *°^ 

(d)  the  open  linc-sej^ment  (p^,  ^i)  lies  in  the  interior  of  FP{Bi). 
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The  discontinuity  t  is  a  B^- slide  if  it  satisfies  the  foUov/ing 

(e)     the  closed  licc-scgment  \p\,q)]  lies  in  some  displaced  v/all  e  of  B^. 


3^  rnov<5  (J?  ''       y  I  '  ' I / 


'  '  I  '  I  '        Figure  10.  Blusti-ating  jumps  and  slides. 


/////////yf/    ^1  s^''''«- 


A  B 2- Jump  is  defined  analogoiisly.  A  ju/ry?  (discontinuity)  of  it  is  either  a  iJ^-  or  a  5 2- 
jump.  A  Jump -type  is  a  pair  of  placements  d  the  form  (ir(/~),  ir(^^))  for  some  jump  / 
of  some  stable  tr.  Simikrly,  a  slide  is  cither  a  fi^-  or  a  fl2-slidc-  Observe  that  as  a  conse- 
quence of  our  definition  of  Im,  if  5^  is  sliding  along  a  displaced  wall  e  then  the  image  of 
B^is  necessarily  an  end-point  of  e  (even  though  we  couid  have  imagine  B^  'sliding'  right 
pass  the  end). 

Lemma  9.  There  arc  0(n')  jump-types. 

Proof.  There  are  0(n^)  critical  placements  and  each  critical  placement  can  give  rise 
to  at  most  two  jump-types,  Q.E.D. 

We  next  show  that  slides  can  always  be  removed.  For  the  next  two  results,  wc  adept  the 
following  notations:  ir'  is  a  continuous  co-motion  from  p'  to  q' ;  tr  is  the  image  of  tt'  and 
is  thus  a  stable  co-motion  from  p  =  //n(p')  to  q  =  /m(q');   write  ir'  =  (tt'i,  tt'^)  and 

IT   =   (iri,  TT^. 

Lemma  10.   Let  ir'  be  a  continuous  co-motion  from  p'  to  q'.   Then  there  exists  a 

continuous  co-motion  it"  between  the  same  pair  of  pbcemcnts  whose  image  /m(iT") 

has  no  sUdcs. 

Proof.  Suppose  /q  i*  a  5i-slide  of  it  =  /m('rr').  Wc  show  how  to  nxxiify  tt'  to 
remove  the  slide.  By  definition  of  Im,  for  all  /,  iT,(r)  is  on  the  boundary  of  FP(5,), 
i  =  1,  2.  Wc  omit  the  (routine)  proof  of  the  following 
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Clalm:        '^^(/o)  =  ''^'iOq)\  in  particu]ar,  ^'^(ro)  is  on  the  boundary  of  F^(B{). 
From  this  claini  wc  can  modify  it'  such  that  its  modified  image  lias  no  slide  discontinuities 
(except  possibly  at  /  =  0  or  1)  simply  by  ensuring  that  'iT',(r)  is  not  on  the  boundary  of 
FP(Bi)  for  i  =  1,  2;  this  b  done  simply  ty  a  pcrturoation  of  -n'. 

It  remains  to  show  how  to  remove  slide  discontuitics  of  the  form  Iq  =  0  ot  1.  Sup- 
pose rg  =  0  is  a  ^^-slide.  Cleariy  the  line  through  Tr'(O)  is  tangent  to  seme  displaced  wall 
e  at  ir'iCO).  We  consider  two  possibilities.  Case  (a):  111(0)  7t-rr'i(0).  (Nc/z  that  in  this 
case  'ir'i(O)  is  not  a  vertex.)  We  perturb  a  small  initial  portion  of  tt'  by  first  translating 
'ir'(O)  to  some  neighboring  pbccmcnt  q  ?/hich  directly  away  from  the  v/all  e  and  parallel 
to  e.  Then  the  original  co-motion  it'  crn  continue  from  q  with  minimal  modifications, 
and  its  image  tr  has  no  sUde  at  r  =  0.  Case  (b):  iti(0)  =  'it'i(O).  (Note  that  ■:r'i(0)  must 
be  a  vertex  where  a  displaced  wall  meets  a  displaced  comer.  This  is  really  a  technical 
consequence  of  our  definition  of  the  map  /m.)  We  first  move  'tr'2(/)  for  /  in  a  small 
neighborhood  [0,5]  of  0  (while  keeping  it'i(;)  fixed  at  -n'liO))  so  that  the  line  through 
q  =  ('t'i(O),  ir'ii'^))  is  not  parallel  t:j  e.  Then  the  original  it'  can  continue  from  q  wi± 
minimal  modifications.  Q.E.D. 

Toe  main  result  for  this  section  can  now  be  proved. 

Theorem  11.    Let  p'  and  q'  be  free  placements.    There  is  a  continuous  co-motion 

from  p'  to  q'  iff  there  cxisLn  a  stable  co-motion  from  p  =  /m(p')  to  q  =  /:7t(q')  with 

0(n})  jumps  (but  no  other  dwccntinuities). 

Proof.  Any  stable  co-motion  from  /m(p')  to  /m(q)  with  only  isolated  discontinuities 
can  clearly  be  cmvcrted  into  a  continuous  co-motion  from  p  to  q.  Conversely,  let  tt'  be  a 
continuous  co-motion  from  p'  to  q'  and  /m(7T')  =  ir.  By  the  above  lonmas,  we  may  assume 
that  all  the  discontinuities  of  n  are  isolated  and  there  are  no  slide  discontinuities.  We  will  modify 
ir'  below  that  each  discontinuity  of  /m(ir')  is  replaced  by  at  most  n  jumps.  Smce  v/e  can  elim- 
inate all  jumps  but  one  among  each  jump-type,  the  theoron  follows. 

Let  /q  be  an  isolated  discontinuity,  but  not  a  jump,  of  ir.  First  let  us  assume  that  Iq 
is  not  0  or  1.  We  now  obtain  another  continous  co-motion  ir"  =  (ir"i,  it' 2)  by  modifying 
it'  about  some  interval  I  =  [Iq  -  8,  (q  +  8].  Wc  making  8  small  enough,  we  may  assume 
that  tQ  \s  the  only  discontinuity  inside  /,  it'(/o')  is  adjacent  to  ir'(/o  -  8)  and  it'(/o')  is 
adjacent  to  it'(/o  +  8).  Let  ir(tQ)  (resp.  ir(/o'))  belong  to  a  pair  of  displaced  elements  e 
=  (<i,  «2)  (rcsp.  e'  =  (e'l,  e'^.    To  expose  the  essential  ideas  of  the  proof,  we  initially 

agfiiirrv- 
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and  so  «2  "=  ^' l-  Consider  the  line  segment  a  between  Ttiit^)  and  ^^(/o').  Clearly  o 
intersects  only  a  finite  number  of  points  on  displaced  comers  of  FP{B{}.  We  may  assume 
w.l.o.g.  that 

-ffiC'o")  =  PO'Pl- Pk  =  -^1(^0").      (*  ^  0) 

arc  these  points  of  interccctiou  in  order  cf  increasing  distance  from  ttoCJo").  ^  course,  a 
may  contain  an  entire  displaced  wall  but  then  only  the  endpoints  of  the  displaced  wall 
appears  in  the  above  sequence.   Sec  Figure  11. 
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Figure  11.  Intersection  of  a  with  the  boundary  of  FP(B{). 

We  will  first  show  how  to  reduce  the  case  where  i  >  1  to  the  case  ifc  =  1.  Say  a  is 
tangential  to  the  displaced  comer  «/  at  p;  for  i  =  1.  .  .  .  ,  t  -  1.  Tt  is  not  hard  to  sec 
that  there  arc  essentially  two  possibilities  for  luranging  the  <r/  with  respect  to  a:  either  all 
the  £('%  lie  on  one  side  of  a  or  for  some  index  /q  =  0.  .  .  .  ,  k-l,  we  have  that 
tQ,  .  .  .  .  £{  lie  on  one  side  of  a  while  the  rest  lie  on  the  other  side.  To  describe  the 
modified  ir"  aroirad  the  interval  /,  wc  first  move  Bj  from  i^'ii^Q  -  8)  to  ir2(ro  -  5) 
while  xt'i  moves  from  'n\(tQ  -  8)  to  v^^tQ  -  8).  (Note  that  since  wC/o")  belongs  to 
e'  =  (e'  I,  e'^,  ^^(/o  -  8)  €  e'  i-)  Then  "^2  and  tti  moves  as  in  it,  viz.,  from  'iT(ro  -  S)  to 
iritQ).  Then  v'2  remain  fixed  while  rt'^  moves  along  the  segment  a  from  ^^(r^")  to 
■^iC^o")-  Wc  basically  reverse  this  process  so  that  at  time  /q  +  8,  it"  again  agrees  wl±  -rr'. 
This  is  illustrated  in  the  Figure  12.  This  completes  the  present  modification.  Consider 
the  image  of  the  rrodificd  co-motion.  Qcariy  it  has  k  discontinuities  where  the  disc  5^ 
'leaps'  from  pi+^  to  pi  (i  =  0,  .  .  .  ,  k  -  1).  Furthermore  all  but  the  pjt  to  pi^-i  leap  are 
S^-jumps  since  the  pairs  (p/.^z+i)  are  critical  for  i  =  0,  .  .  .  ,  k-1. 


ir/V^^ 


Figure  12.  Reducing  the  case  k  >  1  to  k  =  1. 

After  the  preceding  modifications,  v/e  may  restrict  ourselves  to  the  czzc  /;  =  1  (T-Iote: 
k  =  0  is  cosy  -  this  is  where  TTj^(tQ)  =  •iT,i(.'J')  ¥  'rri(;o)).  Let  Tr2(r(7)  =  p-i-  Note  thit 
Pq  lies  in  the  line  segment  0  =  \p-i,P]}-  Consider  an  elementary  co-raotion  which 
moves  the  (endpoints  of  the)  segment  3  such  that  3  remains  tangential  to  e^  until  the  first 
time  p  reaJies  the  position  3'  =  {p'  -i,  p' ]]  with  the  following  property:  first  note  that 
since  this  elementary  co-motion  maintains  the  tangential  property  v/ith  respect  to  e^,  it 
also  traces  a  motion  of  the  point  pg  to  the  point  p'g  at  which  the  line  p'  ^■j)'  ^  is  tangential 
to  e-^.  The  required  property  of  3'  is  that  either  (p'i,p'-i)  or  (p'oiP'-i)  is  a  critical 
placement.   Sec  Figure  13.  ' 

f-1    ->       P-1 


Figure  D.  Modifying  the  discontinuity  when  4  =  1. 

The  desired  co-motion  ir"  inside  the  interval  /  (for  the  case  *  =  1)  can  now  be  described: 
in  the  interval  {t^  -  8,  Iq),  wc  move  the  discs  along  the  path  prescribed  by  the  above  ele- 
mentary co-motion  for  p_i  and  pi  until  they  reach  the  placement  (p' -i,  p' {)•  At  that 
point,  the  disc  Bn  remain  fi;:cd  at  /?_i  while  fl^  moves  in  a  straightlinc  to  p' ^^•,  the  two 
discs  now  'retrace'  their  paths  from  (p'o.  p'-i)  ^^^^  ^  (PotP-])- 
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Thc  case  where  ff'iOo)  and  tt'i^Iq)  arc  not  equal  can  be  handled  along  the  same 
lines  as  above.  Finally,  we  h::"c  to  consider  the  case  v/herc  /g  =  0  or  1.  These  details 
can  bclef  t  to  the  reader.  Q.E.D. 

A  placcnaent  q  is  called  a  complement  of  a.  critical  placement  p  if  the  pair  (p,  q)  is  a 
jump  type.  Let  the  canonical  coordiruiied  motion  graph  CCG  be  the  (undirected)  graph 
whose  nodes  are  the  critical  placements  cr  complements  of  such,  and  whose  edges  join 
two  placements  iff  the  placements  arc  adjacent  or  if  one  is  a  complement  of  the  other. 
From  the  foregoing  results,  CCG  has  O(n-)  edges  and  vertices. 

CoroUiry.  Let  p  and  q  be  free  placements  v/hich  are  adjacent  to  p'  and  q',  respec- 
tively. There  is  a  continuous  co-motion  f rem  p  to  q  iff  there  is  a  path  in  the  canoni- 
cal coordinated  motion  graph  CCG  from  p'  to;q'. 

6.  The  Algorithm  for  Two.  Discs 

We  describe  the  algorithm  in  two  phases. 
Preprocessing, 

The  input  is  a  description  of  S  and  r^,  ri. 

1.  Compute  the  graphs  G^,  Gi  in  time  O(nlogn). 

2.  For  each  pair  of  displaced  elements  e  =  (tfj,  e-^  where  «/  is  from  G/,  we  compute  the 
size-bcnmdcd  set  C(e)  of  critical  placements  and  complements  of  critical  placements 
belonging  to  it.  For  each  placement  p  in  C(e),  compute  the  size-bounded  subset 
^(Pi  c)  Q  Git)  of  placements  which  are  either  adjacent  to  p  or  is  the  complement  of 
p.   This  step  takes  a  total  of  Oijt^)  time. 

3.  Construct  the  canonical  coordinated  motion  graph  CCG  from  the  results  in  step  2. 
In  particular,  the  vertex  set  V  is  the  union  of  the  sets  C(e)  over  all  e.  The  edge  set 
E  is  easily  constructed  from  the  sets  iV(p,  e).  This  takes  time  0{n\ 


Searching. 

The  input  is  the  graph  CCG  and  the  initial  and  final  placements,  p,  q. 

1.  Verify  that  p  and  q  are  free,  otherwise  there  is  no  path-  If  free,  compute  the  images 
/m(p)  and  /m(q),  and  the  pair  of  displaced  elements  e  that  they  belong  to.  Note  that 
/m(p)  can  be  computed  in  linear  time  in  a  straighforward  manner. 

2.  Compute  any  pair  of  critical  placements  p'  and  q'  that  arc  adjacent  to  /m(p)  and 
/m(q),  rcspcctivcly.   Determine  the  vertices  u  and  v  in  V  which  rcprcacnt  the  critical 


placements  p'  and  q'.  This  takes  constant  time. 
3.      Search  for  a  path  in  CCG  connecting  u  r^d  v,  in  time  0(n^). 

7.  Coordination  of  Three  Discs 

Consider  any  free  placement  p  =  (pi,  P2«  Ps)  °^  ^  three  discs.  First,  ai^sume  that 
triangle  Ap  is  non-degenerate.  We  dcfme  the  Im  map  by  imagining  a  mutually  rcpihivc 
force  concentrated  at  the  in-center  c  of  the  triangle  Ap  which  moves  each  of  the  discs 
directly  away  from  c  until  the  first  tiste  each  dii:c  touches  the  obstacle  5.  If  the  triangle 
Ap  is  degenerate,  Im  is  undefined.  Pjtxseding  as  before,  v/e  can  d»;fine  the  notion  of  ele- 
mentary co-motion  and  show/  that  there  arc  0(n^)  elementary  co-motions.  The  image  of  a 
continuous  co-niotion  has  discontinuities  which  can  be  reduced  to  two  canonical  forms: 
jumps  (which  arc  generalizations  of  the  2  discs  case)  and  flips  (this  '3  new  and  arises  from 
the  three  discs  getting  aligned).  Again,  we  show  that  there  is  a  continuous  co-motion 
between  two  placements  iff  there  is  a  co-motion  that  is  composed  of  a  sequence  of  ele- 
mentary co-motions  possibly  connected  by  jumps  and  flips.  Thus  motion  planning  is 
reduced  to  searching  a  suitable  graph.  In  the  interest  of  keeping  this  paper  compact,  we 
shall  only  sketch  the  solution. 

Wc  define  a  placement  {pi,P2,pi)  to  be  stable  if  each  pi  lies  on  the  boundary  of 
FP(Bi).  Wc  say  a  co-motion  it  is  stabU  if  for  all  /  €  [0,  1],  ix{t)  is  stable.  Note  that  this 
definition  is  simplier  than  the  corresponding  one  for  two  discs  which  insists  that  it  must  be 
the  image  of  some  continuous  co-moticn;  the  simplicity  ^implifif^  some  of  the  construc- 
tions. Also  our  definition  of  the  image  map  is  such  that  if  p  is  itable  then  /m(p)  =  p. 
We  say  a  co-motion  it  =  (tt^,  tti,  173)  is  nice  if  (a)  ir  is  the  image  of  a  continuous  co- 
motion,  (b)  IT  has  a  finite  number  of  discontintiitics,  and  (c)  for  each  r  €  [0,  1],  both 
ir(/")  (unless  /  =  0)  and  ir(/'^)  (unless  /  =  1)  arc  defined  and  ir(/)  =  ir(/")  or  it(/'^). 
We  can  show  that  any  co-motion  can  be  converted  to  a  nice  one,  but  nothing  essential  is 
lost  even  if  wc  begin  with  only  nice  co-motions.  Define  a  placement  p  =  (p^,  pj,  p^)  to 
be  critical  if  at  least  3  of  the  following  constraints  hold,  (/,  y  =  1,  2,  3): 

(fl)i,j^(PhP])  =  *•<  +  0- 
{b)i  piisa.  vertex  of  G<. 
(c)i  ythe  line  pjjj  is  tangent  to  a  di^ilaced  comer  of  G/  at  pf. 

A  continuous  co-motion  is  elementary  if  for  some  triple  e  of  displaced  elements,  the 
co-motion  lies  entirely  within  e.  Two  placements  p  and  q  arc  adjacent  if  there  is  an  ele- 
mentary co-motion  between  them. 
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Lcmma  12.    Tlure  are  0(ii^)  critical  placem£nts  and  for  i.very  placement  p  we  can 

find  in  constant  time  a  critical  placement  vjhich  is  adjacent  to  p. 

The  fact  of  0(n^)  critical  placements  ccmcs  from  the  fact  that  for  any  triple  e  of  dis- 
placcnxnts  elements,  there  arc  0(1)  critical  placements  belongins  to  e.  To  prove  the 
second  part  of  the  lemma  we  show  that  for  any  placemw.it  p,  we  can  move  from  p  to 
another  q  using  some  elementary  co-motion  so  that  the  number  of  conditions  (namely, 
(a)i  ,,  (b)i  and  (c)/ <  in  the  abo-.'c  definition  of  critical  placements)  satisfied  by  p  is 
increased. 

Lemma  13.    For  each  pair  of  critical  placements,  v/e  cai.  decide  in  constant  time 

whether  t!^ey  ere  adjacent. 

The  piroof  of  this  lemma  involves  tedious  though  elementary  analysis  of  the  topology 
of  placements  belonging  to  triples  of  displacements  elements. 

The  next  task  is  to  simplify  discontinuities.  Let  ir  be  a  nice  co-motion  such  that  /  is 
a  discontinuity.  We  call  t  a  5,  -jump  if  (a)  the  motion  of  the  other  two  discs  Bj  j  ^^  i  arc 
continuous  at  /  (so  5/  is  the  only  disc  that  movca  discontinuously  at  /)  and  (b)  'rT(/~)  or 
Tr(t'*')  arc  critical.  We  call  /  a  Bi-flip  if  (a)  the  motion  of  the  other  two  discs  not  equal 
to  Bi  arc  continuous  at  /,  (b)  'ir(/)  is  degenerate  with  the  center  of  5,  lying  in  the  line  seg- 
ment formed  by  the  other  two  discs,  (c)  the  placement  of  the  other  two  discs  is  critical  (as 
defined  for  placements  of-pairs  of  discs)  and  (d)  5/  is  touching  the  bovmdary  of  FP(Bi). 
The  two  crucial  lemmas  arc: 

Lemma  14.  There  arc  O(n^)  jumps  and  flips. 

Lemma  15.  Every  nice  cc-moticn  can  be  transformed  into  one  whose  only  discon- 
tinuities arc  jumps  or  flips. 

Wc  can  now  construct  the  canonical  co-motion  graph  CCG  whose  vertices  are  critical 
placements  and  complements  of  such,  and  whose  edges  arc  elementary  co-motions,  jiunps 
or  flips.  This  can  be  done  in  0(n^)  time.  Finally,  planning  a  co-motion  between  two 
placements  is  reduced  to  a  search  of  this  graph. 

8.  Conclusions 

We  have  shown  that  the  retraction  approach  again  led  to  more  efficient  algorithms 
than  was  previously  obtained  tising  the  decomposition  approach  of  [SSl-3].  Our  algo- 
rithms further  demonstrate  that  retracts  need  not  be  generalizations  of  Voronoi  diagrams, 
thereby  enlarging  the  scope  for  applications  of  the  retraction  idea. 
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It  la  possible  to  extend  the  ideas  in  thin  paper  for  coordinating  more  discs  although 
the  complexity  of  the  analysis  rapidly  increases:  in  particular,  for  four  discs  wz  do  not  sec 
a  simple  way  to  define  retractions  so  that  the  discontinuities  czn  be  easily  dealt  with.  One 
problem  is  that  with  four  disc,  the  center  of  one  of  the  discs  may  be  in  the  interior  of  the 
triangle  formed  by  the  centers  of  the  other  three.  So  a  natural  open  problem  is  to  find  a 
general  and  casy-to-dcscribc  method  for  coordinating  an  arbitrary  but  fixed  number  of 
discs.  In  fact,  we  do  not  know  if  the  complexity  of  moving  k  dL>;c3  is  0(n^  for  k  ^  4. 
Another  interesting  problem  is  to  gcnei-alizc  the  two  discs  algorithm  presented  here  so  that 
the  graph  CCG  is  independent  of  the  radii  of  the  discs:  note  that  the  one  disc  algorithm 
[OY]  has  this  property. 
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